Abstract. We consider the quantized Knizhnik-Zamolodchikov-Bernard difference equation (qKZB) with step p and values in a tensor product of finite dimensional evaluation modules over the elliptic quantum group E τ,η (sl 2 ), the equation defined in terms of elliptic dynamical R-matrices. We solve the equation in terms of multidimensional qhypergeometric integrals and describe its monodromy properties. We identify the space of solutions of the qKZ equation with the space of functions with values in the tensor product of the corresponding modules over the elliptic quantum group E p,η (sl 2 ).
Introduction
In this paper we solve the system of elliptic quantum Knizhnik-Zamolodchikov-Bernard (qKZB) difference equations associated with the elliptic quantum group E τ,η (sl 2 ) with values in finite dimensional evaluation representations and describe the monodromy properties of solutions.
The qKZB equation [F] is a quantum deformation of the KZB differential equation obeyed by correlation functions of the Wess-Zumino-Witten model on tori. The qKZB equation has the form Ψ(z 1 , . . . , z j + p, . . . , z n ) = K j (λ, τ, p, η; z 1 , . . . , z n ; ηΛ 1 , . . . , ηΛ n )Ψ(z 1 , . . . , z n ).
The unknown function Ψ takes values in a space of vector valued functions of a complex variable λ, and the operators K j are expressed in terms of R-matrices of the elliptic quantum group E τ,η (sl 2 ). The parameters of this system of equations are τ (the period of the elliptic curve), η ("Planck's constant"), p (the step) and n "highest weights" Λ 1 , . . . , Λ n ∈ C.
In the trigonometric limit τ → i∞, the qKZB equation reduces to the trigonometric qKZ equation [FR] obeyed by correlation functions of statistical models and form factors of integrable quantum field theories in 1+1 dimensions [JM, S] .
The KZB differential equation can be obtained in the semiclassical limit: η → 0, p → 0, p/η finite.
Solutions of the qKZB equation with values in a tensor product V Λ 1 ⊗ . . . ⊗ V Λn of evaluation Verma modules over the elliptic quantum group E τ,η (sl 2 ) with generic highest weights Λ 1 , . . . , Λ n were constructed in [FTV1] , [FTV2] . The solutions have the form Ψ(z) = k 1 ,...,kn
where {f k 1 v 1 ⊗. . .⊗f kn v n } ∈ V Λ 1 ⊗...⊗V Λn is the standard basis in the tensor product of the Verma modules, and the coefficients I k 1 ,...,kn (z) are given by suitable multidimensional hypergeometric integrals.
If weights become positive integers, i.e. if the evaluation Verma modules of the tensor product V Λ 1 ⊗...⊗V Λn become reducible , then some of the coefficients in the sum become divergent.
In this paper we prove that the restricted sum Ψ 0 (z) = k 1 ≤Λ 1 ,...,kn≤Λn I k 1 ,...,kn (z)f k 1 v 1 ⊗ . . . ⊗ f kn v n remains well defined. Moreover, we show that the sum Ψ 0 (z) defines a solution of the qKZB equation with values in the tensor product L λ 1 ⊗ ... ⊗ L λn of finite dimensional evaluation modules over the elliptic group E τ,η (sl 2 ). We use the method developed in [MV] to construct solutions of the rational qKZ equation with values in irreducible sl 2 modules.
This result allows us to obtain a description of the monodromy properties of solutions in a way parallel to [FTV2] . The monodromy transformations of solutions are described in terms of R-matrices associated with pairs of representations of the "dual" elliptic quantum group E p,η (sl 2 ), where p is the step of the difference equation. The description of the monodromy is analogous to the Kohno-Drinfeld description [K] , [D] of the monodromy group of solutions of the KZ differential equations associated to a simple Lie algebra in terms of the corresponding quantum group.
We show that the residues of divergent hypergeometric solutions of the qKZB equation are again hypergeometric solutions of the qKZB equation with new weights up to some explicit scalar factors.
The paper is organized as follows. In Section 2 we recall a construction of the space of elliptic weight functions. In Section 3 we describe the elliptic R-matrices and the qKZB equation. In Section 4 we consider hypergeometric integrals. This Section contains the main results of this paper, Theorems 2 and 3. In Section 5 we use the results from Section 4 and [FTV2] to describe solutions of the qKZB equation and their monodromy properties.
Elliptic weight functions
2.1. The phase function. Fix natural numbers n, l. Fix complex parameters τ , η, p such that Im τ > 0, Im η < 0 and Im p > 0. Fix Λ = (Λ 1 , . . . , Λ n ), z = (z 1 , . . . , z n ) ∈ C n . Set r = e 2πip , q = e 2πiτ , a j = ηΛ j , j = 1, . . . , n . Recall that the Jacobi theta function
has multipliers −1 and − exp(−2πit − πiτ ) as t → t + 1 and t → t + τ , respectively. It is an odd entire function whose zeros are simple and lie on the lattice Z + τ Z.
Define one variable phase function Ω(t, a) by the convergent infinite product
The one variable phase function Ω(t, a) has the properties
We also have Ω(t, τ, p; a) = Ω(t, p, τ ; a). Given a one-variable phase function Ω(t, a), we define an l-variable phase function by
2.2. The elliptic action of the symmetric group. Let f = f (t 1 , . . . , t l ) be a function. For complex numbers τ, η and a permutation σ ∈ S l , define the functions [f ] τ,η σ via the action of the simple transpositions (i, i + 1) ∈ S l , i = 1, . . . , l − 1, given by
If for all σ ∈ S l , [f ] σ = f , we will say that the function is symmetric with respect to the elliptic action.
2.3. Spaces of elliptic weight functions. Let n = 1. Define a one-point elliptic weight functions w l (t 1 , . . . , t l , λ, τ, η; z, a) by
Let n, l be natural numbers. Set
l i = l} and for
Forl ∈ Z n l , define an elliptic weight function wl(t 1 , . . . , t l , λ, τ, η; z 1 . . . , z n , a 1 . . . , a n ) by
For fixed z, a ∈ C n , λ, τ, η ∈ C, the space spanned over C by all elliptic weight functions wl(t, λ, τ, η; z, a),l ∈ Z l n , is called the space of elliptic weight functions and is denoted by
a).
Let h = Ch be a one-dimensional Lie algebra with generator h. For each Λ ∈ C consider the h -module V Λ = ⊕ ∞ j=0 Ce j , with he j = (Λ − 2j)e j . We think of V Λ as an evaluation Verma module over the quantum elliptic group E τ,η (sl 2 ), see [FV1] .
Let
Ce * j be the restricted dual of the module V Λ . It is spanned by the basis (e * j ) dual to the basis (e j ). We let h act on V * Λ by he *
For generic values of parameters, the map ω(λ, τ, η; z, a) is an isomorphism of vector spaces, see [FTV2] .
Admissible weight functions.
The indexl is called Λ-admissible if all its coordinates are Λ-admissible. Denote B Λ (l) ⊂ {1, . . . , n} the set of all non-Λ-admissible coordinates ofl.
For fixed z, a ∈ C n , λ, τ, η ∈ C, the space spanned over C by elliptic weight functions wl(t, λ, τ, η; z, a),l ∈ Z l n ,l is Λ-admissible, is called the space of Λ-admissible elliptic weight functions and is denoted by F adm l (λ, τ, η; z, a). Set F adm 0 (λ, τ, η; z, a) = C and
For a non-negative integer Λ, let S Λ ∈ V Λ be the subspace given by
Ce j .
For a complex number Λ ∈ Z ≥0 , let S Λ be the trivial subspace. Let L Λ = V Λ /S Λ . For a non-negative integer Λ, we think of L Λ as a finite dimensional evaluation representation of the quantum elliptic group E τ,η (sl 2 ), see [FV1] .
by the same formula as ω(λ, τ, η; z, a).
3. The QKZB equation
The elliptic R-matrix R(λ, τ, η; z 1 , z 2 , Λ 1 , Λ 2 ) is characterized by an intertwining property with respect to the action of the elliptic quantum group E τ,η (sl 2 ) on tensor products of evaluation Verma modules, see [FV1] .
The elliptic R-matrix has the following properties, see [FTV2] .
This property is called the unitarity of R-matrix. 6. The elliptic R-matrix R(λ, τ, η; z,
These operators obey the dynamical Yang-Baxter equation. We use the following notation: if X ∈ End(V i ), then we denote by X (i) ∈ End(V 1 ⊗ . . . ⊗ V n ) the operator X, acting non-trivially on the i-th factor of a tensor product of vector spaces, and if
3.2. The qKZB equations. Fix complex parameters η, τ, p. Fix also n complex num- The qKZB equation [F] has the form Ψ(λ, τ, p, η; z 1 , . . . , z j + p, . . . , z n , a) = K j (λ, τ, p, η; z 1 , . . . , z n , a)Ψ(λ, τ, p, η; z 1 , . . . , z n , a),
, where the sum is taken over s = 1, . . . , m−1, s = k, acting on the k-th and m-th factors of the tensor product, and Γ j is the linear difference operator such that
Analytic properties of hypergeometric integrals
4.1. Hypergeometric integrals. Fix natural numbers n, l and N. Fix complex parameters τ , η, p such that Im τ > 0, Im η < 0 and Im p > 0. Fix Λ = (Λ 1 , . . . , Λ n ), z = (z 1 , . . . , z n ) ∈ C n , and set a j = ηΛ j , j = 1, . . . , n . Let a = (a 1 , . . . , a n ), t = (t 1 , . . . , t l ). Let Ω(t, τ, p, η; z, a) be the l-variable phase function introduced in (1). Fixl,m ∈ Z l n and let wl(t, λ, τ, η; z, a) and wm(t, µ, p, η; z, a) be the elliptic weight functions introduced in (2). Let ξ be an entire function of one variable which is 4ηN-periodic, ξ(λ+4ηN) = ξ(λ).
Assume that for all i = 1, . . . , n,
Consider the integral
where dt = dt 1 ∧ . . . ∧ dt l and
t j ) Ω(t, τ, p, η; z, a) wl(t, λ, τ, η; z, a) wm(t, µ, p, η; z, a).
The integral will be called a hypergeometric integral. We call the parameter
the weight of hypergeometric integral. Note that the integrand of the hypergeometric integral, X In order to define the function I ξ l,m (λ, µ, τ, p, η; z, a) for other values of parameters we use analytic continuation. The result of the analytic continuation can be represented as an integral of the integrand over a suitably deformed torus, which we denote by T l N . Namely, the poles of the integrand X ξ l,m (t, λ, µ, τ, p, η; z, a) are at most of first order and lie at the hyperplanes given by equations
where 1 i < j l, k = 1, . . . , n and r, s ∈ Z ≥0 , m ∈ Z. We move the parameters τ, p, η, a 1 , . . . , a n , z 1 , . . . , z n and deform the integration torus accordingly so that the torus does not intersect the hyperplanes (4) at every moment of the deformation. Then the analytic continuation of the function I 
The numbers τ and p are linearly independent over Z.
{2η, 4η, . . . , 2mη} ∩ {Z + τ Z + pZ} = ∅ .
for arbitrary combination of signs.
Analytic continuation.
In this Section we formulate a stronger version of Theorem 1. We will often assume that the parameters τ, p, η, z 1 , . . . , z n , Λ 1 , . . . , Λ n satisfy the following conditions.
Note that conditions (10)- (12) imply conditions (7)- (9).
Theorem 2. Let τ, p, η ∈ C satisfy conditions (5), (6). Let z 0 , a 0 = ηΛ 0 ∈ C n satisfy conditions (10)-(12). Letl,m ∈ Z 
The proof of Theorem 2 is the same as the proof of Theorem 10 in [MV] .
A functorial property of hypergeometric integrals. Let
where |B| is the number of elements in the set B. We denote this number l ′ (B).
where c B (τ, p, η, z, a 0 ) is a nonzero holomorphic function at z 0 given below.
is well defined. Note also that the weights of hypergeometric integrals in the right hand side and in the left hand side in (13) are equal.
Theorem 3 connects l-and l ′ (B)-dimensional hypergeometric integrals of the same weight. Now, we describe the function c(τ, p, η, z, a 0 ). For j ∈ {1, . . . , n}, k ∈ Z ≥0 , let
where Ω ′ (t, a) denotes derivative with respect t and
For k ∈ Z ≥0 , let
.
The proof of Theorem 3 is the same as the proof of Theorem 12 in [MV] .
Solutions of the qKZB equation

Solutions of the qKZB equation with values in
. . , Λ n and set a i = ηΛ i . Assume that the parameters τ, p, η, a 1 , . . . , a n satisfy conditions (5) - (6), (10)- (11) and Λ 1 + . . . + Λ n = 2l for some positive integer l. Fix a natural number N. Let ξ be an entire function of one variable which is 4ηN-periodic, ξ(λ + 4ηN) = ξ(λ).
Introduce a function α(λ, η) = exp(−πiλ 2 /4η) ,
Theorem 4. Under the above conditions, for any j = 1, . . . , n, we have
and, if in addition the function ξ is 2a l -periodic for all l = 1, . . . , n, then
Here K j (λ, τ, p, η; z 1 , . . . , z n , a) is the qKZB operator defined in Section 3.2, i.e. the operator of the qKZB equations with step p and defined in terms of elliptic R-matrices with modulus τ .
Theorem 4 follows from Theorem 31 in [FTV2] and Theorem 2. Let f :
where an End(
Theorem 4 means that for a fixed µ, the function Ψ ξ f is a solution of the qKZB equations with modulus τ and step p, and for a fixed λ, the function Φ ξ f is a solution of the qKZB equations with modulus p and step τ .
where the sum is over all Λ-admissible indicesl,m ∈ Z l n . Theorem 5. Under the above conditions, for any j = 1, . . . , n, we have
is the qKZB operator defined in Section 3.2, i.e. the operator of the qKZB equations with step p and defined in terms of elliptic R-matrices with modulus τ . Theorem 5 means that for a fixed µ, the function Ψ ξ f is a solution of the qKZB equations with modulus τ and step p, and for a fixed λ, the function Φ ξ f is a solution of the qKZB equations with modulus p and step τ . where F j (p, η; z, a) = e 2πiη l, l =j (z l −z j )Λ l Λ j /p and K j (µ, p, τ, η; z, a) is the j-th operator of the qKZB equations with step τ and modulus p.
A functorial property of the hypergeometric solutions.
Theorem 7 follows from Theorem 38 in [FTV2] and Theorem 5. The monodromy of solution u ξ adm with respect to shifts z i by 1 is described by Proposition 39 in [FTV2] whose proof can be applied to our situation.
The monodromy of solutions u ξ adm with respect to permutation of variables z i and z j is described by Theorem 36 in [FTV2] whose proof can be applied to our situation.
The theta function properties of solutions u ξ adm are described by Theorem 33 in [FTV2] whose proof can be applied to our situation.
